monsoon over India. The default model with mean parameter estimates does not contain a bifurcation, but the model admits bifurcation as parameters are varied.
Introduction
Large-scale monsoon circulations are driven by solar radiation (Kutzbach and Guetter 1984; Prell 1984; Clemens et al. 1991; Prell and Kutzbach 1992; Kutzbach and Liu 1997; Webster et al. 1998; Neff et al. 2001; Agnihotri et al. 2002) , and sustained by internal feedbacks involving latent heat addition (LHA) during condensation of water vapor (Luo and Yanai 1983; Nitta 1983; Luo and Yanai 1984; Li and Yanai 1996; Webster et al. 1998) . Dry static energy (DSE) budgets of monsoon regions carry evidence of these contributions during monsoon months. Specifically the contributions to DSE from radiation and LHA are compensated by the flux of DSE out of monsoon regions (Masson and Joussaume 1997; Trenberth et al. 2000) . The importance of favorable energetics for monsoonal circulations makes possible one approach towards large-scale monsoon dynamics, that of studying the energy budget and its dynamical behaviors.
Studying the evolution of the DSE budget can be revealing if features of monsoon dynamics (e.g. stability, bifurcations) have analogues in aspects of the energy budget. Some contributions to this budget depend nonlinearly on DSE, and hence the study of its temporal evolution can shed light on nonlinear monsoon dynamics. This approach is not new. Previous authors have studied bifurcations Abstract Monsoons involve increases in dry static energy (DSE), with primary contributions from increased shortwave radiation and condensation of water vapor, compensated by DSE export via horizontal fluxes in monsoonal circulations. We introduce a simple box-model characterizing evolution of the DSE budget to study nonlinear dynamics of steady-state monsoons. Horizontal fluxes of DSE are stabilizing during monsoons, exporting DSE and hence weakening the monsoonal circulation. By contrast latent heat addition (LHA) due to condensation of water vapor destabilizes, by increasing the DSE budget. These two factors, horizontal DSE fluxes and LHA, are most strongly dependent on the contrast in tropospheric mean temperature between land and ocean. For the steady-state DSE in the box-model to be stable, the DSE flux should depend more strongly on the temperature contrast than LHA; stronger circulation then reduces DSE and thereby restores equilibrium. We present conditions for this to occur. The main focus of the paper is describing conditions for bifurcation behavior of simple models. Previous authors presented a minimal model of abrupt monsoon transitions and argued that such behavior can be related to a positive feedback called the 'moisture advection feedback'. However, by accounting for the effect of vertical lapse rate of temperature on the DSE flux, we show that bifurcations are not a generic property of such models despite these fluxes being nonlinear in the temperature contrast. We explain the origin of this behavior and describe conditions for a bifurcation to occur. This is illustrated for the case of the July-mean (Levermann et al. 2009; Schewe et al. 2011 ) in one-dimensional ordinary differential equation (ODE) models of monsoons. Bifurcating literally means splitting into two and can occur in nonlinear differential equations, in which the uniqueness of steady-states as a function of parameters is not guaranteed (Iooss and Joseph 1997; Guckenheimer and Holmes 2002) .
Simplified models of bifurcation behavior in monsoons have been developed, where the authors characterize the energy balance of monsoons implicitly by a single ODE (Levermann et al. 2009; Schewe et al. 2011) , so that the steady-state condition is an algebraic equation. The steady state is a result of writing the expression for energy balance of the monsoon region, and using conservation laws and parameterizations to represent all other quantities, including winds and precipitation, in terms of the state variable (Levermann et al. 2009; Schewe et al. 2011) . These authors have then examined solutions of the algebraic equation describing the monsoon steady state (Levermann et al. 2009; Schewe et al. 2011 ) to characterize nonlinear dynamics, and point out that a bifurcation to the solutions exists and describe its properties.
In the approach based on the DSE, as in Levermann et al. (2009) and in this paper, the explicit role of moisture is to change the DSE of the monsoon system. Moisture also plays an implicit role by influencing the vertical lapse rate of temperature, which, as will be shown, plays an important role in nonlinear dynamics of monsoon models based on the DSE balance. This effect has been neglected by Levermann et al. (2009) . A completely different approach might be to consider the moist-static energy dynamics of the monsoon system, where the moist static energy is defined as DSE + latent heat content (Neelin and Held 1987) . The moist static energy equation combines the DSE and moisture equations, and thinking in terms of this alternate variable would yield a different equation for describing the idealized monsoon, with possible differences in dynamical behavior. However, neither the DSE dynamics nor that of the moist static energy counterpart would be complete by itself. A more comprehensive approach would be to include dynamics of both moisture and DSE in the system of equations.
In an important study, Boos and Storelvmo (2016) consider explicitly the steady-state temperature and moisture equations in monsoon regions, combining them to yield a single polynomial equation for the system's steady-state. They also performed global climate model simulations for a wide range of forcings, finding no evidence of monsoon bifurcation. Like the present paper they note (Boos and Storelvmo 2016 ) that these previous simplified models of bifurcation (Levermann et al. 2009; Schewe et al. 2011) leave out a necessary term in monsoon dynamics corresponding to the static stability of the troposphere. Boos and Storelvmo (2016) find that when accounting for this term's influence the seasonal-mean response of the monsoon to forcing becomes almost linear.
These and other previous studies have examined tipping points in monsoon systems (Zickfeld et al. 2005; Lenton et al. 2008; Levermann et al. 2009; Schellnhuber 2009; Schewe et al. 2011) . The existence of a tipping point in energy balance models of the monsoon was first pointed out by Zickfeld et al. (2005) . The model of Zickfeld et al. (2005) comprised four ODEs, describing evolution of temperature, specific humidity, and soil moisture in two layers. Although a saddle-node bifurcation was apparent from numerical analysis of the model, the origin of the bifurcation was not specified (Zickfeld et al. 2005) due to the complexity of that model. Mathematically, existence of tipping points is equivalent to a saddle-node bifurcation where stable and unstable steady states collide and annihilate each other (Iooss and Joseph 1997) . Once a stable steady-state disappears at a bifurcation point, there is rapid movement towards a different steady state that is stable. Physically this would be experienced as rapid change, posing challenges to adaptation (Davis and Shaw 2001) . Therefore the work of Zickfeld et al. (2005) , by identifying a potential tipping point, characterized an important feature relevant to monsoon models. This line of work involving idealized modeling in the presence of nonlinearities is what led Levermann et al. (2009) to eventually identify nonlinear advection as the origin of bifurcation behavior in a highly simplified monsoon model.
The models of (Levermann et al. 2009; Schewe et al. 2011 ) contain a single ODE. Such a simplification is not always justified, and characterizing monsoon dynamics in this way by a single ODE representing the evolution of DSE assumes that other variables involved in characterizing DSE can be related algebraically to the state variable, and thus parameterized. This is valid only if the other parameterized variables adjust on timescales much shorter than characteristic times for the evolution of DSE. This condition is generally not satisfied, and including dynamical behaviors of these other variables would yield higherdimensional systems of ODEs (e.g. Zickfeld et al. 2005; Knopf et al. 2006) . These larger systems need not have the same bifurcation characteristics as their one-dimensional counterparts, which typically involve averaging effects of some variables by treating them as known functions of the dynamical variable.
One factor that weighs in favor of simplifying the model to a one-dimensional system, for studying monsoon bifurcations, is that in a saddle-node bifurcation the eigenvalue of the linearized system approaches zero. This corresponds to the slowing down of the system (Scheffer et al. 2009 ). Hence near this regime it is possible that other variables adjust rapidly enough to be modeled as if they would respond instantly. In our case of a simplified monsoon model, following the one-dimensional examples of Levermann et al. (2009) and Schewe et al. (2011) , winds and precipitation should adjust rapidly compared to evolution of the DSE variable. However making additional variables prognostic in the model generally alters the structure of coupling between variables, and therefore even the aforementioned slowing down cannot ensure that nonlinear dynamical behavior is preserved. Whether or not the bifurcation behavior of the simplest model mimics the behavior of more complex models, in which these other variables are allowed to be prognostic, can only be determined by studying these different models and comparing their dynamical behaviors.
Despite these limitations this paper considers bifurcation behavior of single-ODE monsoon models, describing evolution of DSE over monsoon regions with monsoonal-type circulations, involving convergence below and divergence aloft. Favorable energetics is essential for monsoonal circulations (Trenberth and Stepaniak 2003) , and a single-ODE model provides a minimal conceptual and mathematical model for monsoon bifurcations. The reason for elaborating previous work despite the simplicity of their models (Levermann et al. 2009; Schewe et al. 2011 ) is that actual dependence of DSE fluxes on land-ocean temperature differences is qualitatively different, when accounting for effects of vertical variation in temperature on horizontal fluxes of DSE. The effect of considering the consequences of the resulting vertical gradients in DSE is different nonlinear dynamical behavior even in such idealized models so that, unlike Levermann et al. (2009) , who did not consider the influence of vertical temperature variation, a bifurcation is not intrinsic to such models despite the nonlinearity of DSE flux. What is in fact required for a tipping point to occur is that the sensitivity of latent heat addition must be sufficiently strong to offset the effect of DSE flux and produce a bifurcation. When vertical gradients in DSE are included in the model, as they must be, this condition does not necessarily occur. Furthermore, in contrast to the findings of Boos and Storelvmo (2016) who argue that accounting for dry thermal stratification eliminates the bifurcation, we show that a bifurcation is still possible but is no longer generic to the model, and depends on further details. Therefore it is fitting to clarify the origin of bifurcation phenomena in one-dimensional models of idealized monsoons, as this paper seeks to do.
Models

Box-model of dry static energy balance
The box-model developed in this paper describes evolution of the DSE balance, in the presence of monsoon-type circulations that involve low-level convergence and upper-level divergence. The reverse case, with low-level divergence and upper-level convergence, is also considered. The control volume comprises the troposphere over a land region where the monsoon is present (Fig. 1 ). In the model, vertical temperature variation is treated as being linear in the height 
Parameter x 0w is the temperature difference that corresponds to zero wind-speed above the surface, so that 
Winds
Circulation in the model is defined by the wind-speed below the overturning level, which is assumed independent of height below this level in the model, and parameterized by formula where T L and T O are mass-weighted mean temperatures of the tropospheric column over land and ocean respectively and x 0w is the temperature difference that corresponds to zero wind-speed. The variable x is the state-variable of the model and related to the land-ocean temperature contrast. This model is broadly consistent with models of thermally direct flow from ocean to the atmosphere above a tropical continent (following Levermann et al. 2009; Boos and Storelvmo 2016) . When x = 0 the wind-speed U OL = 0 and the sign of U OL follows the sign of x.
The parameters in Eq.
(1) are estimated in Sect. 3.2. It turns out that x 0w is negative, indicating that zero windspeed occurs at negative land-ocean temperature contrast. This is simply because much of the land-surface is above sea level, and the corresponding pressure-depths over which mass-weighted temperatures are estimated are different for land and ocean.
DSE balance
The evolution of DSE for an infinitesimal volume is described by where s = c p T + gz is DSE per unit mass, F R is upward radiative flux, F S is upward sensible heat flux, Q LH is latent
heating per mass, ∇ H is horizontal divergence, V is the horizontal velocity vector, and ω is vertical velocity in pressure coordinates.
Left side of DSE balance
The rate of change of DSE integrated over the control volume is ∂ ∂t ρsdV. Using the relation ρdV = ρdAdz = −(1/g)dAdp and the definition for DSE s = c p T + gz, the integral becomes where A is the horizontal area of the control volume. To derive the above we have used relation
is the dry adiabatic lapse rate, and using lim p→0 p ln p = 0 . Using the relation T L = T L0 − Ŵ L H sL between columnmean temperature and pressure scale height (see "Appendix" for derivation), we can eliminate the surface temperature above to write ρsdV =
, and differentiation yields after substituting expressions for Ŵ D and H sL . We have assumed that surface pressure is constant, at p 0L . Dry static energy is directly proportional to the column mean temperature.
Model of DSE flux
With monsoonal circulation, involving lower-level convergence into the control volume and upper-level divergence, the incoming flux of DSE below the overturning level is where z D is the height of the overturning level, s O is the DSE at the ocean boundary, u OL is the component of velocity directed into the atmospheric box and normal to its surface, and dB is a length element along the boundary. Writing the integral of the length element dB as B, assuming that below the overturning level u OL is constant and equal to U OL , reparameterizing in terms of pressure for
s O dp, and substituting the parameterization for U OL and simplifying the integral yields
where p 0O is surface pressure at ocean boundaries. We have omitted some steps in the derivation, for which the reader is referred to the Supplementary Information. Similarly the expression for outgoing flux of DSE from the box is where U T LO is the constant velocity of the divergent flow above the overturning level OL. The velocity U T LO is related to U OL via the equation for continuity. The differential form of this equation is integrated over the volume of the box and transforming to pressure coordinates and using the divergence theorem yields
We assume mass conservation within the control volume so that p 0L is constant. Then U T LO = U OL (p 0O /p D − 1). Substituting this into Eq. (7) and simplifying the integrals yields for outgoing flux of DSE The difference between incoming and outgoing fluxes is In the opposite condition, the control volume takes in DSE from above the overturning level and vents from
s L dp
below. Then the DSE flux into the control volume above the overturning level is simplifying to using the relation U T OL = U LO (p 0L /p D − 1) from mass-conservation (see Fig. 1 ). We recall that p D takes a different value in this condition and corresponding p 0L − p D > 0. The DSE flux out of the control volume below the overturning level is simplifying to
In this case, the difference between incoming and outgoing fluxes in Eqs. (13) and (15) is
The explicit manner in which the DSE flux in Eqs. (11) and (16) for the two respective cases depends on the state variable
is shown in Sect. 2.2, where the dynamics of this flux is described further.
Governing equation of the model
Integrating Eq. (2) over the control volume and substituting Eqs. (4), and (11) or (16) depending on whether surface winds are landward or oceanward, yields our governing equation
where
is the state variable characterizing the system and
and F
LW
Net are respectively the shortwave and longwave differences between upward radiative fluxes at the bottom and top of the CV, F S B is sensible heat flux at the bottom, F LH = (p 0L /g)Q LH is the effect of LHA in units of flux, and S f net is net horizontal DSE flux. Positive values of x correspond to monsoonal circulations with landward surface winds. The value of x can vary in the model only due to changes in column-mean temperature over land, i.e. T L , which is the only varying factor in the DSE of the control volume. Please compare Eq. (4) and the left side of the governing Eq. (17). The other parameters involved in the definition of x are assumed to be fixed. This corresponds to the assumption of constant ocean boundary conditions and fixed value of x 0w , which are estimated in Sect. 3.
Parameterization of LHA
Effects of moisture condensation via LHA are represented in the term F LH , parameterized by with x m being the lowest value of
so that the latent heat addition is zero. The relation also depends on constant parameter α LH . Parameters k LH and α LH are estimated in Sect. 3.2.
Dynamics of DSE flux
Let us examine the dynamics of the DSE flux in our model under monsoonal and reversed circulations. Under monsoonal circulation, the DSE flux is calculated as
In case of reversed circulation the flux is
We note that p D in general takes different values in the two cases.
(18)
From Eq. (19), which applies if x > 0 when surface winds are landward, the DSE flux is negative in case of monsoonal circulation. Therefore DSE flux in this case reduces the DSE of the control volume. From Eq. (20), applying when x < 0, or surface winds are oceanward, the DSE flux is positive under reversed circulation. The flux then increases the DSE. Thus nonzero DSE flux tries to eliminate surface winds in the model but in general cannot, due to the other contributions to the DSE balance in Eq. (17). In this sense the DSE flux has a stabilizing influence on the DSE balance and monsoonal circulations.
Bifurcation behavior is influenced by the sensitivity of the DSE flux at the zero-point of x, when winds reverse, for reasons that will become clear in Sect. 2.3. In this respect we note that, at x → 0 + , for x approaching 0 from above, the sensitivity is ∂S
, which is strictly negative, i.e. nonzero. The DSE flux has a nonzero linear contribution, and hence nonzero slope at x = 0. This influences bifurcation behavior of the model, as will be shown.
Here we merely discuss the source of this behavior, wherein the DSE flux has nonzero slope at the origin. The term ∂S f net /∂x < 0 as long as p 0O > p D and c 01 > 0. This requires that p 0O > p D , i.e. overturning occurs at some height in the troposphere. It also requires that
The last condition in turn requires that k O be strictly positive, because the dominant contribution is from this term, as shown in Sect. 4.1. For k O to be strictly positive requires that the lapse rate over ocean must be smaller than dry-adiabatic. These conditions are satisfied and hence the rate of decrease with land-ocean temperature contrast of the DSE flux is strictly negative.
The above relation is easily explained. Consider the equation for DSE per unit mass s = c p T + gz, so that its rate of change with height is ∂s/∂z = c p (Ŵ D − Ŵ) > 0. DSE per unit mass increases with height as long as temperature decreases at a rate smaller than the dry adiabatic lapse rate. Mass-conserving monsoonal circulations, with convergence below and divergence above, therefore export DSE. Even when the circulation strength is close to zero, corresponding to limit x → 0 + , the difference between mean DSE exported by the upper divergent circulation and that imported by the lower converging circulation depends linearly on circulation velocity. Hence the sensitivity of DSE flux is strictly negative, so that ∂S f net /∂x < 0 . This simple physical argument shows that nonzero ∂S f net /∂x is a necessary feature of such circulations, and not merely an artifact of the simplifications in the above model. 
Condition for bifurcation
The condition for bifurcation follows from the implicit function theorem (Spivak 1965; Crawford 1991; Iooss and Joseph 1997; Guckenheimer and Holmes 2002) . This general result specifies the condition for a steady state of a model to uniquely persist in the local neighborhood of a solution. Consider solution � y(t; � µ) to an autonomous system of ODEs given by equations d� y/dt = g � µ (� y) that depends on parameter set µ. For � µ = � µ 0 , a steady state y 0 satisfies d� y(� y 0 )/dt = 0. With µ varied smoothly about µ 0 , the steady-states in the neighborhood of y 0 are unique if the Jacobian derivative of g µ ( y) with respect to y has nonzero determinant when evaluated at � µ = � µ 0 and � y = � y 0 . In our one-dimensional monsoon model of Eq. (17) the equivalent condition for a unique solution is ∂ẋ/∂x � = 0, where
Therefore the condition for a bifurcation is the opposite, i.e. ∂ẋ/∂x = 0. In graphical terms, if we were to plot ẋ versus x, bifurcation points are where the slope of this graph is zero. Differentiating Eq. (17) with respect to x, we obtain (∂G T (x)/∂x)ẋ + G T (x)(∂ẋ/∂x) = ∂F(x)/∂x. Using the fact that ẋ = 0 at a steady-state solution this yields G T (x)(∂ẋ/∂x) = ∂F(x)/∂x, and hence the condition for bifurcation of steady state solutions is ∂F(x)/∂x = 0. With our model it so happens that ∂G T (x)/∂x = 0, but the above discussion shows why the bifurcation condition would be ∂F(x)/∂x = 0 even in models where this is not the case. Where equality ∂F(x)/∂x = 0 is met, a bifurcation occurs and the solution splits (i.e bifurcates).
Steady states are defined by ẋ = 0. Solving this condition together with the bifurcation condition ∂F(x)/∂x = 0 gives bifurcating steady states. This will be applied to our model. Whether or not a bifurcation is present depends on the value of ∂F(x)/∂x, so contributions to this quantity are important. That is the motivation for studying the behavior of ∂S + ε FLH , with ε FLH being approximately Gaussian with standard deviation 27.7 W m −2 ; b graph of LHA versus landward wind-speed, with the latter indicated in Fig. 3 
Parameterization of latent heat addition and wind-speed
The term for LHA in the model was estimated from the average surface precipitation rate within this region, after weighing by area. This is plotted in Fig. 2 . Multiplying the precipitation rate in m s −1 by ρ w L, where ρ w is water density and L is latent heat capacity, yields the estimate for F LH in W m −2 , as shown in Fig. 2 . In Fig. 2a Figure 3 shows the zonal wind-speed calculated over the Arabian sea within 65-78 • E and 5-30 • N, used in the parameterization to calculate landward wind-speed and its relation with temperature-difference. The winds are averaged over that depth of the lower troposphere through which winds have the same sign as at the surface. Hence this depth varies with time. The landward wind-speed is plotted against state variable x ≡T L −T O − x 0w . The value of x 0w = −5.8 K, and indicates the temperature difference where surface winds in this parameterization reverse sign. Therefore when x = 0 the wind-speed U OL = 0 and the sign of U OL in the parameterization of Eq. (1) corresponds to the sign of x. That zero wind-speed occurs at negative land-ocean temperature contrast is simply a consequence of much of the land-surface lying significantly above sea level. When temperatures are averaged over the depth of the troposphere the corresponding pressure domains are different for the land and ocean regions. Therefore the precise value of x 0w does not carry physical significance.
July-mean monsoon parameters
For the parameters including lapse rate, surface pressures and tropospheric-mean temperatures, July-mean conditions were used, in order to analyze bifurcation behavior of the July-mean steady-state over India. The lapse-rate is calculated by least-squares regression of temperature versus geopotential height. This analysis is carried out for each combination of latitude-longitude coordinates, following which area-weighted averages are calculated separately for land and ocean. The available ERA40 data for July included the period 1958-2002. Similarly surface pressure was calculated for the land and ocean regions, by averaging over the domains defined in Sect. 3.1. (18), we fit models based on ERA40 data for all months that are available, because these variables have simple relations with the state variable and therefore their behavior near an arbitrary bifurcation point can be understood by characterizing their relationship over the entire annual cycle, which includes periods where state variable x approaches zero. By contrast it is not clear whether the behavior of lapse rates and surface pressure can be generalized across the year via a simple relationship and therefore, for convenience, we confine their estimation to Julymean conditions when the monsoon is strongest. This latter restriction limits the interpretation that can be made from the numerical results that follow, because many estimates are based on July-mean conditions alone.
Sum of sensible, shortwave and longwave heat fluxes for July monsoon conditions
There are many contributions to the balance of DSE in the governing equation, but a simplification can be made for analyzing bifurcation of this model, because the combined effect of some terms becomes independent of the state variable. Figure 4 shows the sum of sensible heat flux, and the net shortwave and longwave heat flux convergence, versus the state variable from ERA40 reanalyses for July conditions. Averages have been calculated between 70-90 • E and 5-30 • N. Also shown is the least-squares regression line together with its equation. The slope of the linear regression does not differ significantly from zero, and we therefore assume that the sum of these fluxes does not vary systematically with the variable x, and therefore with the land-ocean temperature difference, during the month of July. For the Indian summer monsoon in July, the contributions to the balance of DSE that depend systematically on the land-ocean temperature difference are therefore only the horizontal flux of DSE and the LHA to the control volume. Hence we shall only consider these two contributions to the energy balance in the next section when we examine the model's bifurcation behavior.
Results
Simplification to the model of dry static energy flux
The model of DSE flux is simplified by recognizing that low-level convergence is on average confined to layers near the surface so that
for small x, and likewise ln The terms that are linear in x originate in the respective lapse rates being smaller than dry-adiabatic. The magnitudes of corresponding linear coefficients increase with departures from dry-adiabatic conditions, and also with the weight of the converging layer and sensitivity of winds according to k w (p 0O − p D ) and k w (p 0L − p D ) in the cases of monsoonal and reversed circulations respectively. The interpretation of these linear terms is that they arise from vertical gradients in DSE, in contrast to the quadratic terms arising from horizontal gradients. In previous simplified models (Levermann et al. 2009; Schewe et al. 2011 ) of monsoon bifurcations the vertical variation in temperature was not treated explicitly and hence only the quadratic term from horizontal gradients arose. Let us consider the relative role of these two contributions. Because R/c p ∼ = 1/3 for dry air, the ratio of linear and quadratic terms is approximately T O /10x. This is much larger than 1 and the linear term is dominant. Horizontal fluxes of DSE are governed by vertical gradients of this quantity, contrary to previous models where horizontal gradients play the only role (Levermann et al. 2009; Schewe et al. 2011 ). This affects nonlinear dynamics, as will be shown.
Condition for stable monsoon solution
For our simplified one-dimensional governing equation to be plausible it must at least admit a stable steady-state monsoon. Let x * be a steady-state solution to the governing Eq. (17) under fixed external conditions. For it to be stable the eigenvalue should be negative, or equivalently where we have used the observation that the other contributions together can be treated as independent of x (Sect. 3.4). Considering the regime where x > 0 and applying Eqs. (18) and (22) and making the approximation that α LH = 1 (Fig. 2; Table 1 ) the condition is so that the sensitivity of the DSE flux to the temperature difference must be sufficiently large, when compared to
Parameters in the above model have been estimated from ERA40 reanalysis, except pressure p D at which overturning occurs. This is not estimated directly because the model's geometry is idealized, and doesn't accommodate complexities of real monsoonal circulations in which, for example, winds are not landward everywhere. Whether or not such a model can reproduce actual behavior of the DSE flux depends on whether it ab-initio represents correctly the relation between linear and quadratic terms involved in describing S f net . Without directly estimating the DSE flux from reanalysis data, we cannot determine if this occurs. However our simplification of the DSE flux in Sect. 4.1 indicates that this is likely to be the case, because the relation between linear and quadratic terms is straightforward and is governed by the ratio of vertical and horizontal gradients in DSE.
We therefore treat p D as a tuning parameter, estimating its value so that the model's steady state approximates . Steady-state is where the black curve crosses the abscissa, or F(x) = 0. The dashed red curve, the DSE flux, is only weakly nonlinear. This is due to the dominant role of its linear contribution, arising from vertical gradients in DSE. Hence this term has nonzero slope at the origin, where S f net = 0, so that significantly ∂S f net /∂x � = 0. There is no bifurcation in these mean results, because nowhere is ∂F/∂x = 0. For these numerical simulations we have not estimated pressure depth p 0L − p D of the diverging layer in case of reversed circulation in the model, but instead assumed it to be equal to pressure depth p 0O − p D of the converging layer during monsoonal circulations corresponding values in ERA40 reanalyses. The reanalysis steady-state is simulated from a Gaussian distribution with 95 % confidence interval x * = 4.08 ± 0.36 K, corresponding to the distribution in ERA40 of the state variable during July months. Following Monte-Carlo simulation that considers uncertainties presented here, including errors in estimation of the model of winds and LHA, for each realization the value of p D is chosen to minimize the difference between model x * and the corresponding sample from its distribution. What follows is a distribution of overturning level p D , graphed in Fig. 5 . Only cases with stable steady-state, corresponding to where the condition in Eq. (25) is satisfied, are included. The sample mean of p D is 952 mbar and the distribution of overturning pressure is confined to values near the surface. The control volume experiences continuous inflow from all sides of its boundary, whereas in actual monsoon systems the inflow is confined to a small fraction of the boundary. Hence our model has an artificially thin inflow layer. The mean depth of the inflow layer in the model is only
The direction of the circulation is governed by the sign of x and not the thickness of the inflow layer, which is defined to be positive. The above value of p D is estimated for July-mean conditions, when low-level flow is landward. For bifurcation behavior we are only concerned with the regime where circulation is monsoonal. We have not estimated the value of the overturning level as a function of x. Therefore the above estimate is not valid where circulation is reversed, corresponding to where low-level flow is oceanward. We recall that for reversed circulation the DSE flux depends on pressuredepth p 0L − p D over land instead of the pressure depth over ocean. For our numerical simulations below we do not estimate this pressure depth p 0L − p D for the reversed circulation in our model, but instead assume that it is equal to the pressure depth p 0O − p D during monsoonal circulations. Figure 6 shows mean contributions to the rate of change of temperature from that Monte-Carlo simulation. The mean x * thus obtained closely approximates the mean of the aforementioned distribution from ERA40. The DSE flux is only weakly nonlinear, reflecting the dominant role of the linear term as described in Sect. 4.1. Near the steadystate, cooling by DSE flux balances a significant part of heating by LHA. There is no bifurcation in the model resulting from these mean tendencies, specifically nowhere is ∂F/∂x equal to zero. We consider bifurcation behavior more closely in the next section. Here we observe that, due to the linear contribution, the slope of the flux term cannot be neglected at x = 0 (Fig. 6 ).
Condition for a bifurcation point
If the steady state at x = x b > 0, occurring for some value of shortwave forcing, bifurcates then the corresponding eigenvalue vanishes, i.e. (x b ) = 0. As discussed previously the only nonzero contributions to this are
∂x . The first term is positive and approximately constant, being equal to k LH /T O . The second term is negative Fig. 7 Illustration of the condition for bifurcation, involving contributions to the value of ∂F(x)/∂x in Eq. (17): a the model presented here with dry static energy flux containing a term linear in land-ocean temperature difference, due to vertical gradients, and a term that is quadratic, due to horizontal gradients. Therefore −
is linear in x with nonzero intercept at x = 0. Latent heat addition is idealized as being linear in temperature difference, so
is constant. Stability requires that for sufficiently large x the magnitude of −
is larger than that of
Stability exists to the left of point P 1 and right of point P 2 in case A, and everywhere for case B. Bifurcation points correspond to intersections between the curves of
∂x . Bifurcation is not inherent to this model. There are two bifurcation points P 1 and P 2 in case A and none in case B. From the graph a necessary condition for bifurcation is that for sufficiently large x, in order for the present steady-state to be stable, there must be an intersection between the two curves for some value of x > 0 and hence a bifurcation point is inherent to such a model and, S f net (x) being quadratic in x, the magnitude of
grows linearly with x. As described in Sect. 4.2 the condition for a stable steady-state under present conditions is that the magnitude of
eventually becomes larger than k LH /T O ; specifically this relation must occur at present steady-state x * . Geometrically it is seen that a necessary condition for some bifurcation point 0 < x b < x * to exist is Let us examine if a bifurcation occurs for our model, or equivalently whether it is similar to case A or case B in Fig. 7a . Figure 8a plots contributions to the value of ∂F(x)/∂x, following the schematic shown in Fig. 7a . Mean values and uncertainty ranges are graphed for the contributions of LHA and the negative of the flux's contribution. Recall that if these curves intersect the eigenvalue is zero,
indicating bifurcation. The mean curves do not intersect, indicating no bifurcation in this case. This is consistent with the mean results in Fig. 5 , where bifurcation is absent and G T (x)dx/dt is nowhere zero. However the uncertainty ranges do overlap in Fig. 8a , suggesting that the above model can admit bifurcations consistent with reanalysis data. Figure 8b plots histogram counts of the value of Eq. (26). We recall from earlier in this section that positive values of this quantity indicate that a bifurcation is present in the model, because the two curves must intersect, as in case A of Fig. 7a . Bifurcation occurs in the model under sampling of its parameter values in approximately 32 % of the cases, and this is our estimate of the probability that the inequality (26) is satisfied. The possibility of case A with bifurcations should be considered, although it appears much less probable than not.
We now consider the differences between the cases with and without bifurcations. Figure 9 plots the mean of cases without and with bifurcations respectively, in left and right panels. The behavior of LHA is assumed to be linear. Upper panels show contributions to the value of ∂F(x)/∂x , so where the two graphs intersect a bifurcation occurs. Lower panels show contributions to the measure of warming rate. The black curve's crossing of the abscissa where F(x) = 0 indicates the steady-state. Where the curve for F(x) has zero slope, there is a bifurcation point. Contrasting these two sets of graphs shows that bifurcation behavior in the right panel corresponds mainly to reduced sensitivity of the DSE flux, and this is compensated by slightly reduced sensitivity of LHA. As a result the steady-state is the same in the two cases, but the graphs for DSE flux and Fig. 7a ), but such a solution is not the only one.
Despite the relative smallness of the quadratic term, it can play an important role. This term makes possible the intersection between the two graphs in Fig. 9b , and there would not be any bifurcation in its absence. A larger quadratic term would make such intersection easier. By contrast when the nonlinear term does not cause a bifurcation its effects can pass unnoticed as in Fig. 9c , because its contribution to the absolute magnitude of the DSE flux is small.
The uncertainty that manifests in differences between Fig. 9a , b is unrelated to the ratio of the quadratic and linear terms in the model of DSE flux. Equations (22)-(23) make clear that this ratio varies mainly from variation in the lapse rates over land and ocean, which is small. The main difference between those cases with and without bifurcation is the absolute magnitudes of these terms in the DSE flux, which increase approximately with the uncertain factor k w (p 0O − p D ) in our model. Where this factor is smaller, an intersection with the curve for LHA becomes possible, as in Fig. 9b . Bifurcation occurs more easily in the model if the inflow layer is relatively thin or winds are less sensitive to the temperature-contrast.
As far as the model introduced in this paper is concerned, both cases A and B in Fig. 9 are physically realistic. They both correspond to monsoon-type circulations characterized by their DSE balance. However there are also striking differences between the cases. The case with a bifurcation has a much lower sensitivity of F(x) to x. F(x) characterizes contributions to the DSE balance. Therefore by introducing additional empirical constraints one might further limit possibilities for the model's nonlinear dynamics.
It is not necessary that the nonlinear contribution to the DSE flux have an essential role in the occurrence of bifurcation. For example if the LHA had been nonlinear in the value of x then an intersection different from the ones in Figs. 7a and 9b, but still corresponding to bifurcation, would become possible even in the hypothetical case where the nonlinearity of the DSE flux is negligible. However c mean of cases with no bifurcation; d corresponding mean of cases with two bifurcation points. Locations with zero slope in the black curve are bifurcation points, corresponding to intersections between the graphs in b. Bifurcation behavior corresponds in the model to lower sensitivity of DSE flux to land-ocean temperature-contrast combined with slightly lower sensitivity of LHA, so that the upperpanel's variables can intersect, whereas the steady-state in the two cases is approximately the same the quadratic term in the DSE flux represents a real phenomenon, the effect of horizontal gradients in DSE on the changes in the energy balance due to horizontal winds, even though this term's magnitude is generally small. Therefore we conclude that horizontal gradients in DSE are important to potential bifurcations in our model, despite these gradients being smaller than vertical gradients. The effect of vertical gradients in the DSE is to make the presence of bifurcations uncertain despite the above nonlinearity, and also make further details about the model germane to this question.
Discussion
The box-model of dry static energy balance presented in this paper includes many idealizations. An important simplification involves the overall scheme of overturning and winds underlying treatment of the dry static energy (DSE) flux. Therefore these results are mainly indicative, suggesting how bifurcations can arise in minimal monsoon models. Despite its simplicity, the model furnishes an account consistent with stable steady-state solutions. The model shows that nonlinear DSE flux does not necessarily lead to a bifurcation, contradicting results of prior reduced models (Levermann et al. 2009; Schewe et al. 2011) . The difference here is because of the nonzero sensitivity to land-ocean temperature difference of the DSE flux, at the limit where the wind-speed vanishes. Such behavior arises from the inclusion of a linear term in the model of the DSE flux. This linear term is due to the vertical lapse rate of temperature being smaller than the dry adiabatic value. Then the DSE increases strongly with height, causing small horizontal winds to produce proportional changes in the DSE balance in circulations where the control volume's mass is approximately conserved. In addition to this linear term, there is a quadratic term analogous to these previous models (Levermann et al. 2009; Schewe et al. 2011) , but this quadratic term is comparatively small. This paper has not estimated the DSE flux directly from reanalyses. However, the model of DSE flux admits the simplification introduced in Sect. 4.1, which is easy to explain and interpret. Therefore the account of the bifurcation that follows might be relevant beyond this particular model. Specifically, this work suggests that box-models of DSE flux should contain terms that are both linear and quadratic in the horizontal temperature-difference, or alternately in measures of wind-speed. These originate respectively in vertical and horizontal gradients of the DSE. Furthermore, combining the equations for DSE flux with the other aspects of the DSE balance can lead to equations of higher-degree in the state variable, as previous authors (Levermann et al. 2009; Boos and Storelvmo 2016) have shown. One effect of the simplifications made here is that certain details of the model, such as the horizontal temperature-difference at which surface-wind reverses direction, are not important for its nonlinear dynamics.
Another limitation of the model is its restriction to a single ordinary differential equation. As the scatter in Fig. 2 indicates, latent heat addition (LHA) is not only a function of x, and higher-dimensional models might therefore be required to represent the essential dynamics. The errors in estimating these models of surface-winds and the LHA have been treated as being stationary, and therefore not included in calculations of the contributions to the variable ∂F/∂x that governs the model's bifurcation behavior. More complete higher-dimensional models, for example including prognostic column water, might have different nonlinear dynamics. We have considered one-dimensional models in order to elaborate and engage with issues raised by previous one-dimensional models of monsoon transitions cited here. Such a minimalistic approach might be evolved towards understanding and developing higher-dimensional models, by identifying candidate processes that might combine to produce a bifurcation in more complex models.
The main lesson from this study is that bifurcation is not inherent to monsoon models. Specifically, it is not necessary that ∂F/∂x must be zero anywhere in Eq. (17). This is because of the strong vertical gradients in DSE, induced by the dry thermal stratification of the atmosphere. In this respect our conclusion is similar to that of Boos and Storelvmo (2016) , who find that accounting for this effect eliminates the bifurcation in their model. However in contrast with Boos and Storelvmo (2016) , our results do admit the possibility of a bifurcation. Since the larger sensitivity of DSE flux to temperature differences is essential for stabilizing monsoons, the LHA must be more sensitive in some intermediate regime for these processes' respective curves to cross in graphs analogous to Fig. 7a and for a bifurcation to occur. In case LHA depends linearly on the land-ocean temperature difference, as it approximately does for the parameterizations estimated here, the sufficient condition for bifurcation is quite straightforward and noted in Eq. (26) as well as illustrated in Fig. 7a . In the more general case, as for other monsoon regions, or for alternate parameterizations, the relationship for LHA might be nonlinear. Even here sufficient conditions for a bifurcation are easily deduced. Consider the average value of ∂F LH (x)/∂x over x, i.e. the mean rate of increase of this flux with x. If this quantity is larger than −(1/A)∂S f net (x)/∂x at x → 0 + , i.e. with monsoonal circulation at the limit of zero windspeed, a bifurcation point must exist. This is because, for some x, the value of ∂F LH (x)/∂x must be larger than its average, and together these conditions would ensure intersection between the two curves in Fig. 7a . Hence if the mean sensitivity of LHA is larger than that of DSE flux when winds reverse, a bifurcation must occur in the model. It appears important to understand whether models that treat both moisture and temperature dynamics, and where moisture plays a more direct role in addition to its contribution to the DSE, can admit such behavior.
The version of the model presented here with the mean values of its parameters, in some sense the best-estimate model, does not exhibit bifurcation. There are significant uncertainties in estimating this model, as should be clear from Fig. 8 . Furthermore some parameter combinations do admit bifurcations. However we have only considered a very limited number of observations to constrain this model, and including additional variables as constraints may further limit possibilities for its nonlinear dynamics. For example the two cases in Fig. 9 , with and without bifurcation, differ significantly in their sensitivity of the DSE balance to the land-ocean temperature contrast.
This paper describes the range of behaviors possible and also characterizes differences between those cases with and without bifurcation. Smaller sensitivity of the DSE flux combined with slightly less sensitive LHA can create bifurcation, and hence it is important to characterize these processes more fully to understand what controls them.
